Arterial tree models are generated by Constrained Constructive Optimization according to minimum intravascular volume. These models, which have been shown to adequately reproduce pressure profiles and branching angles, are analysed topologically and geometrically in order to investigate how structure influences the functional capabilities. Therefore, the number of bifurcation levels and STRAHLER orders was evaluated for the complete trees as well as for subtrees of all possible sizes. Bifurcation symmetry, being a particular aspect of structure, was found to be higher in the smaller than in the larger subtrees. This confirms a more delivering type of function for the small subtrees, as expected from intuitive arguments. Conversely, lower symmetry in larger subtrees relates to their conveying type of function. Moreover, different shapes of the tissue to be perfused lead to different symmetry properties of optimized tree models.
Introduction
The tree-like structures of arterial systems have been the target of experimental and theoretical investigations related to morphometry and structural properties (Zamir & Chee, 1987) , such as segment radii and lengths and their interrelation as well as branching angles and their relation to segment diameters (Zamir & Chee, 1986) .
In the present work we evaluate arterial tree models which were generated by the new computational method of constrained constructive optimization, as recently presented in the literature (Schreiner et al., 1994) . This method yields detailed representations of arterial trees which are geometrically arranged according to optimization principles. In the present analysis we focus on the bifurcation symmetry properties found within these models.
For single arterial bifurcations the degree of symmetry can be quantified by the ''diameter ratio '' (van Bavel & Spaan, 1992) computed from the radii of the daughter segments as j rad = r 2 /r 1
where we always choose index ''2'' for the smaller daughter (r 2 E r 1 , implying that j rad E 1). Equivalently, the cross-sectional areas can be used to quantify symmetry j area = p ·r 
Bifurcations can range from being close to symmetric (two daughter vessels nearly equal in radius, j rad 2 1) to highly asymmetric (a vessel gives off a small side branch, j rad 1), resulting in different types of blood transport function. Assuming that in the downstream network small vessels usually carry less flow than larger ones, we may classify vessels intuitively with regard to their role within the entire tree: a vessel with predominantly asymmetric bifurcations gives off comparatively little flow into its side branches along its way and is therefore able to carry the mainstream flow across larger distances. In the literature such vessels have been attributed a ''conveying'' type of function (Zamir, 1988) . Conversely, a more symmetric bifurcation pattern splits flow into numerous small branches, thereby delivering blood to its surrounding tissue [delivering type of vessel (Zamir, 1988) ]. Since blood must be conveyed towards the site at which to be delivered, both types of vessels occur in real arterial trees. Moreover, a large conveying vessel may switch into a bunch of smaller delivering branches. It is evident that the average degree of bifurcation symmetry has a direct impact on the visual appearance and global topology of arterial trees, as illustrated schematically by two extreme cases shown in Fig. 6 . Obviously, real arterial trees will contain a great variety of intermediate stages in between these extremes. Hence the key question is: in which way should asymmetric and symmetric bifurcations be arranged and combined so as to constitute a tree with optimum functionality?
To investigate this question, we can resort to a computer model of vascular trees generated by the method of Constrained Constructive Optimization (Schreiner, 1993; Schreiner & Buxbaum, 1993; Schreiner et al., 1994) . These model trees are very realistic, show a high degree of detail and all geometrical data are known numerically, thus lending themselves to various kinds of quantitative evaluation. Moreover, the model trees are optimized for specific, physiologically important target functions, so as to split flow optimally for its subsequent delivery into the tissue. Since flow-splitting relates to bifurcation symmetry, the latter becomes an interesting issue to investigate, particularly in the frame of optimized models. ''Symmetry'' can be evaluated for individual bifurcations first and then averaged over a whole tree. Alternatively, a parameter for ''global symmetry'' may be defined which intrinsically relates to a whole tree rather than a single bifurcation. Moreover, a whole model tree may be decomposed into subtrees of different size, each of which may then be evaluated similar to a ''whole'' tree.
In the present work we first decompose a whole tree into all possible subtrees, the size of each being characterized by the number of its terminal segments. For each size of subtrees we then evaluate several basic statistical descriptors, such as the number of subtrees of that particular size and the number of bifurcation levels in these subtrees. In particular, we investigate how these quantities depend on the size of the subtrees and how much they differ between equally sized subtrees of one whole tree.
Additionally, we compute symmetry indices for individual bifurcations and average them over subtrees of different size. In that way we can show that small subtrees bifurcate more symmetrically than large ones. Finally we demonstrate that the shape of the tissue area to be perfused as well as the point of inlet determine the symmetry properties of the major branches within optimized trees.
The Method of Constrained Constructive
Optimization (CCO)
Constrained Constructive Optimization (CCO) was designed to generate optimized binary arterial model trees on the computer (Schreiner, 1993; Schreiner & Buxbaum, 1993; Schreiner et al., 1994) . The whole tree is approximated by a dichotomously branching system of straight cylindrical tubes in which resistance to flow is given by POISEUILLE's law (Fung, 1984) . However, all segments are assumed to run within a two-dimensional perfusion area, whose shape is variable.

At each bifurcation the radii of mother and daughter segments are forced to exactly fulfil a ''bifurcation law''
which was found to be approximately fulfilled in real arterial trees (Zamir, 1976 (Zamir, , 1988 Hutchins et al., 1976) with g 3 3. Moreover, g = 3 is suggested by theoretical arguments: When balancing between the energy loss due to viscous drag and due to the cost of blood volume maintenance, the value of three results for g (Sherman, 1981) . Incidentally, g = 3 is the only choice allowing for equal shear stress in parent and daughter segments of a bifurcation, since shear stress is proportional to flow/r 3 (Rodbard, 1975; Sherman, 1981) . Hence we chose g = 3 for the present work, although different values have also been discussed in the literature (Arts et al., 1979; Hutchins et al., 1976; LaBarbera, 1990) . The sensitivity of CCO models on the choice of g mainly pertains to the area expansion ratio (van Bavel & Spaan, 1992 and the pressure profile (Schreiner & Buxbaum, 1993) while it is practically irrelevant for the connective structure (=topology) of the model tree generated. Preliminary tests have shown that even a change to g = 2 does not alter tree structure significantly.
Total perfusion flow (Q perf ) is assumed to enter via the root segment at constant pressure p perf . For all N term terminal segments we require that they should deliver equal flows
against the same (and timely) constant pressure p term at their distal ends. Each of these terminal segments is assumed to directly yield into its corresponding micro-circulatory black-box, which is not modelled in detail. Without proof we state here that segment radii of a binary tree of tubes can always be chosen so as to fulfil this ''perfusion constraint'', regardless of the particular structure (topology and geometry) of the binary model tree (Schreiner & Buxbaum, 1993) .
 
Suppose a binary branching model tree, which fulfils the above constraints, has already been constructed, and let us for the moment postpone the question of how to achieve this construction to the next section. The ''degree of optimality'' of such a tree can be quantified by computing the numerical value of an ''optimization target function''. In the literature several candidates, such as minimum work to overcome viscous drag, minimum expenditure to maintain intravasal blood volume, minimum expenditure to maintain the surface of the vessel walls, and weighted sums thereof [such as MURRAY's law (Sherman, 1981) ] have been proposed (Lefevre, 1983; Thompson, 1952; Zamir & Bigelow, 1984; Kamiya & Togawa, 1972; Uylings, 1977) . Out of these minimum intravasal volume has been used to optimize the course of arteries under given constraints, showing satisfactory agreement with the actual, measured pattern. Hence, we selected minimum total intravasal volume of the tree as the target function in the present work, according to the following equation: Since the perfusion constraint has to be maintained, it becomes necessary to rescale all segment radii throughout the tree. This is possible for arbitrary geometric displacements since the above constraints can be implemented in any tree of the type discussed here (Schreiner & Buxbaum, 1993) . This explicit dependence of the target function on bifurcation locations x(i ), y(i ) may be utilized to optimize a tree with given topology by moving segments until T reaches a minimum. This has been implemented by using a steepest descent method (Press, 1992) and is called ''geometric optimization''.
   
The key idea of CCO is the stepwise growth of the model tree during which geometric and structural optimization are performed alternatingly (see Fig. 1 ). We start from one segment, whose proximal end is on the perimeter of the perfusion area and represents the inlet to the tree. The distal end of the segment is positioned randomly, and its radius is scaled so that it yields the flow Q term against p term . This is the nucleus of the tree. Then we randomly select the location for the distal end of the second terminal segment, connect it somewhere to the first segment, and optimize this newly generated bifurcation geometrically (see above). This yields a non-degenerate optimized tree with three segments. In each of the following stages of the construction, the new terminal is tentatively connected to each of the pre-existing segments, the new bifurcation optimized and the achieved minimum of T stored. Finally, out of all attempted connected sites we select that with the minimum value for the optimized T: The pointers D l i , D r i in eqn (6) are updated accordingly. This is called ''structural optimization'' and is governed by the same target function as geometrical optimization. Note that pointers are discrete variables, and each topology (
In the way described above, the model tree grows step by step, each change of topology and geometry depending on the previous stage of development. In fact, the structure at an early stage of development is inherited and still noticeable even in a fully developed tree of several thousand segments, as shown in Fig. 2 .
      
In the present work, we used CCO to create the reference tree (labelled ''tree R'') shown in Fig. 2 . For comparison, 19 other trees were generated from F. 1. Schematic presentation of the algorithm of constrained constructive optimization. The procedure of geometric optimization of a bifurcation is shown in detail in the insert marked with an asterisk (*). different random seeds (see below). While all 20 trees were evaluated in their complete form, the reference tree was additionally decomposed into all possible subtrees. Moreover, we performed six CCO runs for two elliptically shaped perfusion areas and different sites of inlet. All full trees were generated for identical constraints and target function (Schreiner & Buxbaum, 1993) .
F. 2. Arterial model tree generated by constrained constructive optimization. A tree (''tree R'') has been grown to 4000 terminal segments and 7999 segments in total. Optimized according to minimum intravasal volume. asymmetric tree [cf. Fig. 6(a) ] may also be contrasted to our data (see dash-dotted lines in Fig. 3 ): For any given N term (i sub ) e 2 there exists exactly one subtree represented by the horizontal line. For N term (i sub ) = 1 we find exactly N term (degenerate) subtrees (cf. the left part of the line).
In conclusion, frequencies of subtrees in our model are well embedded between these extreme cases regarding symmetry properties.
      
For each segment ''i '' of a tree the bifurcation level L bif (i ) is defined as the number of proximal bifurcations. Within a subtree the segment i sub plays the role of the root, has bifurcation level zero, and acts as a reference (offset) for the bifurcation levels of all other segments within the subtree. Considering the SOAPS it is interesting how many different bifurcation levels occur in subtrees of different sizes (see Fig. 4 ).
  STRAHLER    
The STRAHLER order, originally invented for the classification of rivers (Strahler, 1953 (Strahler, , 1957 , can also be applied to vascular trees (van Bavel & Spaan, 1992) with the modification that the direction of blood flow is opposite to that of water and that arterial bifurcations correspond to unifications of river tributaries. First, all terminal arterial segments (corresponding to the springs in the case of rivers) are assigned STRAHLER order zero. Then, from each terminal one proceeds towards the root of a tree, and at each bifurcation the STRAHLER order of the mother segment is determined as follows: If both daughters have equal STRAHLER orders, the respective order is increased by 1 and assigned as STRAHLER order to the mother segment; Otherwise the larger STRAHLER order of its daughters is assigned. It is noteworthy that STRAHLER-ordering is solely based on the ''connective structure'' (topology) of the tree. Segment lengths and radii do not explicitly determine STRAHLER orders. However, large radii usually belong to segments with large distal subtrees supplying many terminals, and due to this structural fact receive a larger STRAHLER order. Thus, segment caliber implicitly re-enters STRAHLER ordering.
Naturally, the number of STRAHLER orders increases with the complexity of the tree (number of terminal segments), but much more slowly than the number of bifurcation levels (see Figs 4 and 5) . Generally, for a given number of terminal segments the number of STRAHLER orders varies by two or even three, as in the trees around N term 2 10. With
Results

       
From a complete tree we may select a segment (i sub ) and thus define a subtree consisting of all segments distal of and including i sub . Let the subtree have N term (i sub ) terminals. Usually, several subtrees with equal numbers of terminals exist within the original tree, and Fig. 3 shows the corresponding frequency distribution for the tree of Fig. 2 . Considering that each segment of a tree defines a subtree (i sub = 1, 2, . . . , N tot ) we arrive at the ''Set of All Possible Subtrees'' (SOAPS).
Note that 4000 (degenerate) subtrees exist with exactly one terminal each. With increasing number of terminals, we observe a decrease in the number of subtrees. Considering larger subtrees (N term (i sub ) e 100), only a few or even only one representative occurs within tree R for each particular choice of N term (i sub ). Finally, exactly one subtree exists with 4000 terminals (i.e. the whole tree).
These findings for an optimized model may be compared with the two extreme cases of symmetry shown in Fig. 6 . A perfectly symmetric model with N term = 4096 would yield an exactly linear decrease (dashed line in log-log plot, Fig. 3 ), which is a strict upper bound to our data: This is reasonable since in a symmetric tree subtrees exist only for specific values (powers of 2) of N term (i sub ) but there are more of them than in any other tree. Conversely, a perfectly F. 3. Number of subtrees with given number of terminals. Tree R from Fig. 2 was decomposed in all possible subtrees. x-axis: number of terminals for subtrees. y-axis: number of subtrees within whole tree R. Diamonds: optimized model. Dashed line: perfectly symmetric binary tree similar to Fig. 6(b) . Dashed-dotted: totally asymmetric tree similar to Fig. 6(a) .
increasing N term of the subtree, the expectation value gradually shifts from the minimum to the maximum of the possible number of STRAHLER orders to encounter, as indicated by the rising tendency of the mean values (diamonds). As N term increases over 100 the gradual trend is lost and we observe a rather stochastic variation. The reason is probably as follows: considering an arbitrary but small number of terminals, a large number of subtrees exist which are mutually independent (i.e. do not have segments in common). Conversely, selecting a specific but large number of terminals, only a few corresponding subtrees exist. Hence the mean number of STRAHLER orders is computed only from a very small set of discrete values, thereby losing the gradual rising trend known from small trees.
The Impact of Symmetry on Number of Levels, Orders and Frequencies
Even within a particular tree we observe considerable spread of the number of bifurcation levels and STRAHLER orders occurring in subtrees of given size (cf. Figs 4 and 5) . The question arises if and how the relative number of orders (and levels) can be related to some intuitive quantity. We will show that this is indeed possible by evaluating the symmetry properties of subtrees.
   
Two simple examples will illustrate that the average symmetry of bifurcations determines the number of levels necessary for a tree to feed a given number of terminals (e.g. 4000).
Example 1 Consider a tree with one large vessel which gives off only tiny side branches (highly asymmetric bifurcations), each of which is terminal [ Fig. 6(a) ]. Then it takes as many as N term bifurcation levels (f − (N term − 1)) to supply N term terminals. Such a tree may be called a ''perfect conveyer'' (Zamir, 1988) . Example 2 Consider a tree branching perfectly symmetrically, each pair of daughters having topologically identical subtrees [ Fig. 6(b) ]. Such a tree needs only log 2 (N term ) + 1 bifurcation levels. For example, the bifurcation levels 0-12 suffice to feed 4096 terminals (2 12 = 4096). Such a tree may be called a ''perfect deliverer'' (Zamir, 1988) . Generally, in a binary tree the existence of a large number of bifurcation levels globally reflects a higher degree of ''bifurcation asymmetry''. Bifurcation asymmetry means that only little flow is lost into side branches compared with the major portion of flow being conveyed along the mainstream vessel. Thus, an asymmetric tree is liable to fulfil a ''more conveying type of function''.
To investigate this conjecture, it is interesting to resort to our CCO generated trees, since their symmetry properties have not explicitly been built in but rather emerge from structural optimization. So for the whole subtree distal of segment i sub we define an overall index of symmetry, j bif , based on the number of bifurcation levels and the number of terminal segments belonging to that subtree: j bif (i sub ) = 6 log 2 (N term ) + 1 number of bifurcation levels 7 over subtree distal of i sub (7) As mentioned earlier, from a complex tree many different subtrees can be picked which vary in size over a wide range. Starting with small sized subtrees, local properties of symmetry are examined by means of j bif . Proceeding towards larger subtrees, the description of local symmetry gradually turns into a description of global symmetry. Thus, by systematically considering differently sized subtrees we try to link the symmetry properties of single vessels with that of the entire tree.
Evaluating j bif for all possible subtrees we obtain the distribution of symmetry indices shown in Fig. 7 . Note that segment i sub must be included in counting the number of bifurcation levels within a subtree; hence for terminal segments, each of which may be considered a degenerate subtree itself, eqn (7) formally yields j bif = 1.
Note that in a perfectly symmetric tree j bif (i ) = 1 for the whole tree as well as for all subtrees. When overlooking the SOAPS, symmetry was found to be low (j 1) for the majority of subtrees, indicating a considerable amount of conveying function. Only the smaller subtrees show higher symmetry, which is concordant with the fact that they predominantly deliver blood (Zamir, 1988) .
In addition to subtrees we also investigated the symmetry in 20 full trees generated from different seeds for the pseudo random numbers used for casting the terminal segments. These trees represent the correlate of anatomical variation of arterial trees (Schreiner, 1993) , while obeying the very same F. 5. Number of STRAHLER orders found in subtrees. x-axis: number of terminals in subtrees selected from a full tree. y-axis: largest STRAHLER order occurring in a subtree. HI-LO-bars show maximum and minimum of largest STRAHLER orders for a given number of terminals. boundary conditions and target functions. In these 20 trees with equal N term , j bif (i root ) varied between 0.095 and 0.116, according to the number of bifurcation levels (112-137, respectively).
  STRAHLER 
The number of STRAHLER orders generally increases with symmetry, as can be seen from Fig. 6. F. 6. Symmetric vs. asymmetric bifurcation style (schematic display). Bifurcation orders increase from root towards terminals (right scale). STRAHLER orders (shown next to segments) increase from terminals towards the root. (a) A dominant vessel gives rise to many asymmetric bifurcations into small sidebranches. Note that only a relatively small number of terminals is supplied within a given number of bifurcation levels. (b) Repeated symmetrical branchings rapidly divide flow into a large number of terminals F. 7. Symmetry in subtrees of different sizes. From the whole tree R (shown in Fig. 2) the set of all possible subtrees (SOAPS) was considered and the symmetry index, jbif, of each subtree calculated. x-axis: number of terminals of subtree. y-axis: symmetry index. For subtrees with equal number of terminals jbif was averaged to obtain means and standard deviations (shown as bars).
Whereas in a totally asymmetric tree [ Fig. 6(a) ] L str E 1 for all segments, a perfectly symmetric tree with equal number of bifurcation levels [schematically sketched in Fig. 6(b) ] reaches larger STRAHLER orders. For instance, in a perfectly symmetric tree with 4096 terminal segments STRAHLER orders 0-12 appear, so that in this special case the number of bifurcation levels equals the number of STRAHLER orders.
Generally, with lower symmetry the number of STRAHLER orders decreases (cf. Fig. 6 ).
     
Symmetry not only influences the number of bifurcation levels and STRAHLER orders itself, but also determines the frequency distributions of segments over levels and orders. For example, in a perfectly symmetric tree [such as shown in Fig. 6(b) ], an exponentially increasing number of segments is found in each bifurcation level:
and all terminals appear in the highest level only. In the more realistic tree R, the distribution of segments is shifted towards intermediate bifurcation levels, and the same is true for the terminals (cf. Fig. 8 ). This may be seen to indicate the presence of asymmetry.
Discussion
   
To compare our model with reality, we draw on experimental measurements reported in the literature (van Bavel & Spaan, 1992) , describing the symmetry properties of porcine coronary arteries. The authors report on the ratio of daughter diameters, a quantity which was also evaluated in our model. This allows for the direct comparison between experimental measurements and simulation results as shown in Fig. 9 .
The first thing to note is that the experimental data cover a much larger range of mother diameters (approximately from 5 mm to 2000 mm), while the model data only extend from 100 mm to 2500 mm. The reason is that the model has to consider all segments of a binary tree and a total number of 7999 segments thus induces a natural but relatively narrow range of diameters (i100 mm). Conversely, the analysis of corrosion casts can draw on subtrees picked from several regions of interest, without the necessity to cope with the complexity of a ''complete tree''. Thus, a manageable sample of segments may be picked to cover a wide range of diameters.
Apart from the above mentioned difference, we observe a quite satisfactory agreement between experimental data and model regarding the overall shape of dependence. In both cases the typical feature is the clustering of points along a distinct arc; regarding the experimental data, the arc results from the fact that segments below 5 mm in diameter do not exist. Thus, for each given mother diameter possible symmetry indices are confined by a lower bound, which is a decreasing function of mother diameter (van Bavel & Spaan, 1992) . In our CCO models, we did not impose such a threshold for the minimum segment diameter, and hence we rather observe a rapidly declining distribution of points along the convex side of the arc rather than a sharp edge.
Another similarity between measured and model data is the low frequency of data points towards the upper right quadrant of the plot. This region corresponds to almost symmetrical bifurcations into large daughter branches, of which only a very limited number can exist within a tree.
Other quantities describing vascular trees have previously been compared with CCO generated models and reality. The relation between mean segment diameter and bifurcation level in the computer model (Schreiner & Buxbaum, 1993) satisfactorily reproduced experimental results obtained from corrosion casts of the LAD in human hearts (Zamir & Chee, 1986) . The pressure profiles of CCO models were evaluated for different values of the bifurcation constraint g and showed good agreement [within one standard deviation (Schreiner & Buxbaum, 1993) ] with experimental data reported in the literature (Chilian et al., 1986 (Chilian et al., , 1989 . The dependence of branching angles on the ratio of radii in the model trees (Schreiner et al., 1994) was found to be comparable with reality (Zamir & Chee, 1986; Schreiner et al., 1994) .
   ,   ,   
Both shape of perfusion area and site of inlet influence ''how far blood has to be conveyed before being delivered'', i.e. the relation between conveying and delivering type of function. As discussed above, this functional characteristic of vessels influences the symmetry properties of the bifurcation pattern and should be reflected in the symmetry index.
As an illustration we chose two elliptically shaped perfusion areas, each with a different ratio of its main axes (1.3:0.7 for a ''medium ellipse'' and 3.0:0.3 for a ''stretched'' one). Each ellipse was scaled to have an area equal to that of the unit circle considered so far (corresponding to equal tissue areas). For the medium (1.3:0.7) ellipse, four CCO models were generated with the following sites for the perfusion inlet: a, at For the lengthy (3.0:0.3) ellipse, the perfusion inlet was positioned at the minor and major vertex (locations a 1 and d 1 , respectively). For each tree we evaluated the number of bifurcation levels, the number of STRAHLER orders and the symmetry index j bif for the whole tree as well as the intravasal volume (i.e. the target function), see Table 1 . For comparison, the respective results for the circular perfusion area (tree R) are also shown in Table 1 .
In Table 1 the model trees have been listed from top to bottom according to decreasing symmetry index. In summary, the medium ellipse perfused via the F. 10. Elliptical shape of tissue with fancy site of inlet. Visualization of tree type g, for which numerical results are given in Table 1 . The CCO run was performed for 4000 terminal segments and optimized according to minimum volume. All other simulation parameters and constraints, including the size of the perfusion area were equal to tree R.
minor vertex (type a) is the most symmetric and needs the lowest intravasal volume. In this sense it is even more ''efficiently perfused'' than a circle of equal area (U.C.). However, optimization cannot be arbitrarily extended just by squeezing the ellipse flatter and flatter: type a 1 already needs 50% more blood volume than a. We may conclude that the optimum shape is moderately non-spherical.
Regarding the site of inlet into our medium ellipses, we observe a steady decrease of optimality when moving the inlet from the minor vertex towards the major vertex (from type a via b and g to type d). It is remarkable that steady increase in target function is accompanied by a steady decrease of the symmetry index [cf. eqn (7)]. Redundantly we may add that at the same time the number of bifurcation levels steadily increases.
Within the hierarchy of Table 1 it is interesting to notice the rank of the circular perfusion area. Obviously, even a slight displacement of the inlet from the minor vertex (type b) reduced symmetry below that of the circle (U.C.) while having less impact on the target function. In addition, the following theoretical argument can be given to explain why the circle ranks between a and d: type a can be steadily deformed to become type d, thereby passing through circular shape (U.C.). If a is better than d, then it follows on the basis of a steady trend that U.C. must lie in between, its exact rank, however, not being inferable. Each tree was optimized to minimum volume under identical constraints (pressures, flows, bifurcation law), except for the shape of the perfusion area. Each ellipse was scaled to make its area equal to that of the circular area of tree R (shown in Fig. 2) . As an illustrative example, the generated tree of type g is shown in Fig. 10 .
T 1 Bifurcation symmetry depends on tissue shape and site of inlet
 
The selection of total volume as target function for the present work on CCO models is not the only possible choice. In fact, numerous candidates exist, as noted above, and hence any statement on ''optimality'' or ''efficiency'' of perfusion is only valid in the sense that the particular target function chosen is minimal.
Regarding power dissipation due to viscous drag, we have to bear in mind that the overall pressure drop is constant (p perf − p term ) for every path between the root and an arbitrary terminal. Since total flow is also constant, we end up with equal total power-dissipation (pressure drop times flow) over the entire tree, regardless of shape, symmetry and even the target function selected. It is only the distribution of power dissipation over segments that varies from tree to tree.
In fact, we could re-scale an arbitrary tree (say tree a with volume V a ) to the volume of the tree with circular shape (U.C.) by multiplying all radii with a constant factor (V U.C. /V a ) 1/2 = 1.0303. The re-scaled tree would still fulfil the bifurcation constraint, although resistance would decrease (since radii increase). The same pressure gradient would then suffice to deliver about 12% (1.0303 4 = 1.126) more flow to the terminals. This example illustrates that boundary conditions (flows and pressures) and target selection play a dual role.
Conclusions
In the present work we have investigated the links between structure and function of optimized arterial tree models. ''Structure'' as such is a term too vague to allow for direct quantitative treatment. Classification criteria, such as bifurcation levels and STRAHLER orders have to be introduced first in order to map the binary tree model. Additionally, certain computable parameters as, for instance, symmetry indices have to be defined and evaluated for single bifurcations [cf. eqn (1)] and whole subtrees [cf. eqn (7)] so as to provide a quantitative description of certain features of structure. In this context, the present work is the first attempt to evaluate structural properties related to bifurcation symmetry in models generated by the newly developed method of CCO.
The main results found for our CCO model were:
(i) The local bifurcation symmetry index, j rad , shows satisfying agreement with experimental measurements reported in the literature (van Bavel & Spaan, 1992 ).
(ii) The level-based symmetry index of subtrees, j bif , increases with decreasing size of subtrees. (iii) The symmetry of elliptical perfusion areas is lower if they are fed via a major rather than via a minor vertex. (iv) With regard to target function, elliptical areas are most efficiently perfused (i.e. need less intravasal blood volume) via the minor vertex. (v) The more lengthy a perfusion area, the more intravasal blood volume is necessary to meet the perfusion demands. (vi) For trees within elliptical perfusion areas the ranking according to symmetry is exactly opposite to the ranking according to target functions (intravasal volume).
Thus, the structural development achieved by Constrained Constructive Optimization reacts to changes in location (large vs. small subtree within a tree) and also adapts the structure to different shapes of the perfusion area and site of inlet.
For both types of adaptation we have shown that they are reflected in appropriately chosen numerical descriptors for symmetry properties.
